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Abstract
The set of directed segments, each of the next is n times bigger than
the first one is a simple geometric interpretation of the set Z of integer
numbers. In this paper we investigate the opposite situation. We give
an algebraic structure to the set of similar triangles with parallel sides.
It allows to describe the divisions of a triangle with regard to its sides
and vertices. We present geometric construction of adding of triangles
and use it to dissection of triangles into 15 triangles of different sides.
1 Introduction
This article is a continuation and a development of the 1st chapter of the
article [6]. However it can be read independently of [6].
Let us set the triangle on the plane R2 and let us denote it by the symbol
〈1〉. Then the similar triangle with sides parallel to the sides of 〈1〉 and n
times bigger sides (we denote this triangle by the symbol 〈n〉) is built from
n(n+1)
2
triangles 〈1〉 and n(n−1)
2
symmetrical to triangle 〈1〉 in relation to any
side, triangle denoted by symbol 〈−1〉 (see Fig. 1).
So
〈n〉 =
n(n+ 1)
2
〈1〉+
n(n− 1)
2
〈−1〉. (1)
Let us mark by the symbol 〈−n〉 the triangle similar to the triangle 〈−1〉
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〈1〉
〈−1〉 〈−1〉
〈1〉 〈1〉
〈1〉
Fig. 1.
with parallel and n times bigger sides. Then
〈−n〉 =
n(n− 1)
2
〈1〉+
n(n+ 1)
2
〈−1〉
=
(−n)(−n + 1)
2
〈1〉+
(−n)(−n− 1)
2
〈−1〉.
Each point of the plane R2 will be denoted by 〈0〉. Further each triangle
〈±n〉, where n ∈ N will be denoted by the symbol 〈n〉, where n ∈ Z.
The symbol −〈n〉 denotes the triangle, which lying on the triangle 〈n〉 gives
an empty set. It will be denoted by 〈0〉 similarly like a point.
The set N2 = {±〈n〉;n ∈ Z} is the subset of the ring
P2(Z) = {x〈1〉+ y〈−1〉; x, y ∈ Z}
with addition
(x1〈1〉+ y1〈−1〉) + (x2〈1〉+ y2〈−1〉) = (x1 + x2)〈1〉+ (y1 + y2)〈−1〉,
and commutative multiplication
(x1〈1〉+ y1〈−1〉) · (x2〈1〉+ y2〈−1〉) = (x1x2 + y1y2)〈1〉+ (x1y2 + x2y1)〈−1〉,
2
and the neutral element 0〈1〉+ 0〈−1〉 = 〈0〉 of addition,
and the neutral element 1〈1〉+ 0〈−1〉 = 〈1〉 of multiplication.
It is easy to see that
〈−1〉2 = 〈1〉,
〈1〉 · 〈−1〉 = 〈−1〉
and ∀n,m ∈ Z
〈n〉 · 〈m〉 = 〈nm〉.
Let us transform
〈n〉 =
n2 + n
2
〈1〉+
n2 − n
2
〈−1〉 = n2
〈1〉+ 〈−1〉
2
+ n
〈1〉 − 〈−1〉
2
.
Because the elements 〈1〉+〈−1〉
2
= A2 and
〈1〉−〈−1〉
2
= A1 are orthogonal so
〈n〉 = n2A2 + nA1 (2)
we can call the orthogonal form of the triangle 〈n〉. Then the set N2 we
can describe as {±(n2, n) = ±〈n〉;n ∈ Z} ⊂ P2(Z) = Z× Z, where the ring
Z× Z has an addition and a multiplication by components. Let us put the
operation.
∀n, k, l ∈ Z
〈n+ k + l〉 = 〈n+ k〉+ 〈n+ l〉 + 〈k + l〉 − 〈n〉 − 〈k〉 − 〈l〉. (3)
From the arithmetic point of view the operation is well-defined. This results
from the truth of the below condition:
∀n, k, l ∈ Z ∀i = 1, 2
(n+ k + l)i = (n+ k)i + (n + l)i + (k + l)i − (n)i − (k)i − (l)i.
The operation (3) has the simple geometric interpretation for n, k, l > 0
(Fig. 2).
Let us consider Eq. (3) for concrete numbers
〈4〉 = 〈1 + 1 + 2〉 = 2〈3〉+ 〈2〉 − 〈2〉 − 2〈1〉. (4)
After reduction we get
〈4〉 = 〈1 + 1 + 2〉 = 2〈3〉 − 2〈1〉. (5)
3
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△ADG = 〈n+ k + l〉
△BDF = 〈n+ l〉 △ACH = 〈k + l〉 △EGI = 〈n+ k〉
△BCJ = 〈l〉 △EFJ = 〈n〉 △HIJ = 〈k〉
Fig. 2.
From the arithmetic point of view Eq. (5) is true. But it easy to see that we
can not build the triangle 〈4〉 using only two triangles 〈3〉 and two triangles
−〈1〉. We need the triangles 〈2〉 and −〈2〉 too. They are not reducible to the
empty set because they do not lie on one another (Fig. 3).
1 2 1
Fig. 3.
Definition 1.1. The equation 〈n〉 =
∑
j αj〈nj〉, where αj ∈ {−1, 1} is true
in the geometric sense if we can build the triangle 〈n〉 from the elements
αj〈nj〉.
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Definition 1.2. The equation 〈n〉 =
∑
j αj〈nj〉, where αj ∈ {−1, 1} is true
in the arithmetic sense if the equations ni =
∑
j αjn
i
j, where αj ∈ {−1, 1},
i = 1, 2 hold.
Corollary 1.3. If the equation is true in the geometric sense, it is also true
in the arithmetic sense.
So we can say that Eq. (4) is true in the geometric sense, while Eq. (5) only
in the arithmetic sense.
2 Generalization of the equation (3)
We can generalize Eq. (3). Namely
∀n, k, l, t ∈ Z
〈n + k + l + t〉 = 〈n+ k + t〉 + 〈n+ l + t〉+ 〈k + l + t〉
−〈n + t〉 − 〈k + t〉 − 〈l + t〉 + 〈t〉 (6)
Eq. (6) is true in arithmetic sense because the below equation holds for
i = 2, 1.
(n + k + l + t)i = (n + k + t)i + (n + l + t)i + (k + l + t)i
−(n+ t)i − (k + t)i − (l + t)i + ti. (7)
Fig. 4 shows that for n, k, l, t > 0 Eq. (6) is true in the geometric sense as
well.
l
l + t
l
k
k + t
k
n
n
n+ t
t
Fig. 4. Interpretation of Eq. (6).
5
In order to prove that Eq. (6) holds for any n, k, l, t in the geometric sense
we will create a certain geometric construction of this operation. Let us fix
the ordered successive components n, k, l of the sum 〈n+k+ l+ t〉 extend or
shorten the triangle 〈t〉 in the directions I, II, III, or I ’, II ’, III’, depending
on whether the numbers n, k, l are positive or negative (Fig. 5). Therefore
〈t〉
n
nk
k
l l
〈n+ t〉〈k + t〉
〈l + t〉
III
III
I’ II’
III’
Fig. 5.
Eq. (6) should be properly written as
∀n, k, l, t ∈ Z
〈(n+ k + l + t)〉 = 〈n+ k + 0 + t〉+ 〈n+ 0 + l + t〉+ 〈0 + k + l + t〉
−〈n + 0 + 0 + t〉 − 〈0 + k + 0 + t〉 − 〈0 + 0 + l + t〉
+〈0 + 0 + 0 + t〉 (8)
Below are further examples of the creation of new triangles from the triangle
〈t〉 (Fig. 6-9). Triangle 〈t〉 has vertices ABC, and the new one has vertices
A′B′C ′. The side B′C ′ of the triangle 〈n+ 0+ 0 + t〉 is created by a moving
the side BC in the direction I or I’ while A = A′ and the sides A′B′ and A′C ′
are lying on the lines containing respectively the sides AB and AC. The
sides B′C ′ and A′C ′ of the triangle 〈n + k + 0 + t〉 are created by a moving
respectively the sides BC and AC while the side A′B′ is lying on the line
containing the side AB.
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A′ = A
B
C
B′
C′
n
〈t〉
〈n+ 0 + 0 + t〉
n, t > 0
A′ = A B
C
B′
C′
n
〈n+ 0 + 0 + t〉
0 < n+ t < t
Fig. 6.
A
A′
BB
′
C
C′
n
〈n+ 0 + 0 + t〉
n < −t < 0
A B = B′
C
A′
C′
k
〈0 + k + 0 + t〉
0 < k + t < t
Fig. 7.
Since the first component will be generally denoted by the letter n, second
k , third l, so if it will not lead to confusion, we will write 〈n+ t〉, 〈k + t〉,
〈l+ t〉 instead of respectively 〈n+ 0+ 0 + t〉, 〈0 + k + 0+ t〉, 〈0 + 0 + l+ t〉.
Similarly we will write 〈n+k+t〉, 〈n+k+t〉, 〈k+l+t〉 instead of 〈n+k+0+t〉,
〈n+ k + 0 + t〉, 〈0 + k + l + t〉.
In Fig. 9 triangles have the following descriptions.
△ABnCn = 〈n+ t〉, △BCkAk = 〈k + t〉, △CAlBl = 〈l + t〉,
△AkBnC
′ = 〈n+ k + t〉, △A′BlCk = 〈k + l + t〉, △AlB
′Cn = 〈n + l + t〉.
It is easy to follow, that they satisfy with the triangles ABC and A′B′C ′
Eq. (6) in the geometric sense. It should also be noted that the expression
〈n + k + l + t〉 is the whole figure of Fig. 9, constructed of eight triangles,
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A
B
C
B′
C′
A′
nk
〈n+ k + 0 + t〉
n > 0, 0 < k + t < t
C
B A A′B
′
C′
n
k
〈n+ k + 0 + t〉
0 < −t < n, k < 0
Fig. 8.
A
B
C
Bl B′
Bn
C′
Ak
Al A′
Ck
Cn
〈n+ k + l+ t〉
n > 0, 0 < k + t < t, l < −t < 0
Fig. 9.
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while 〈(n+k+l+t)〉 = 〈0+0+0+(n+k+l+t)〉means only the triangleA′B′C ′.
Theorem 2.1. ∀n, k, l, t ∈ Z Eq. (8) is true in the geometric sense.
Proof. Let us note that Eqs. (9)-(11) have the same geometric interpretation
as Eq. (8).
〈(n+ k + t)〉 = 〈n+ k + (−l) + (l + t)〉
= 〈n+ k + 0 + (l + t)〉+ 〈n + 0 + (−l) + (l + t)〉
+〈0 + k + (−l) + (l + t)〉
−〈n + 0 + 0 + (l + t)〉 − 〈0 + k + 0 + (l + t)〉
−〈0 + 0 + (−l) + (l + t)〉+ 〈(l + t)〉
= 〈n+ k + l + t〉 + 〈n+ t〉+ 〈k + t〉
−〈n + l + t〉 − 〈k + l + t〉 − 〈t〉+ 〈l + t〉 (9)
〈(n+ t)〉 = 〈n+ (−k) + (−l) + (k + l + t)〉
= 〈n+ (−k) + 0 + (k + l + t)〉+ 〈n+ 0 + (−l) + (k + l + t)〉
+〈0 + (−k) + (−l) + (k + l + t)〉
−〈n + 0 + 0 + (k + l + t)〉 − 〈0 + (−k) + 0 + (k + l + t)〉
−〈0 + 0 + (−l) + (l + k + t)〉+ 〈0 + 0 + 0 + (k + l + t)〉
= 〈n+ l + t〉+ 〈n+ k + t〉+ 〈t〉
−〈n + k + l + t〉 − 〈l + t〉 − 〈k + t〉+ 〈k + l + t〉 (10)
〈t〉 = 〈(−n) + (−k) + (−l) + (n + k + l + t)〉
= 〈0 + (−k) + (−l) + (n+ k + l + t)〉
+〈(−n) + 0 + (−l) + (n + k + l + t)〉
+〈(−n) + (−k) + 0 + (n+ k + l + t)〉
−〈0 + 0 + (−l) + (n+ k + l + t)〉
−〈0 + (−k) + 0 + (n+ k + l + t)〉
−〈(−n) + 0 + 0 + (n+ k + l + t)〉+ 〈0 + 0 + 0 + (n+ k + l + t)〉
= 〈n+ t〉+ 〈k + t〉+ 〈l + t〉
−〈n + k + t〉 − 〈n+ l + t〉 − 〈k + l + t〉 + 〈n+ k + l + t〉 (11)
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So if in Eq. (8) one element, for example, l is negative we can replace Eq. (8)
by Eq. (9). If in Eq. (8) two elements k, l are negative we can replace Eq. (8)
by Eq. (10). If Eq. (8) has three elements n, k, l negative we will take Eq.
(11). So it is sufficient to consider the cases n > 0, k > 0, l > 0 and any t.
We have 10 following cases.
(1) t > 0, (Fig. 4)
In next cases t < 0.
(2) n+ t > 0, k + t > 0, l + t > 0, (Fig. 10).
(3) n+ t > 0, k + t > 0, l + t < 0, (Fig. 11).
(4) n+ t > 0, k + t < 0, l + t < 0, k + l + t > 0, (Fig. 12).
(5) n+ t > 0, k + l + t < 0, (Fig. 13).
(6) n+ t < 0, k+ t < 0, l+ t < 0, n+ k + t > 0, k+ l+ t > 0, n+ l+ t > 0,
(Fig. 14).
(7) n+ t < 0, n+ k + t > 0, k + l + t < 0, n+ l + t > 0, (Fig. 15).
(8) n+ k + t > 0, k + l + t < 0, n+ l + t < 0, (Fig. 16).
(9) n+ k + t < 0, k + l + t < 0, n+ l + t < 0, n+ k + l + t > 0, (Fig. 17).
(10) n+ k + l + t < 0, (Fig. 18).
The proof is based on reviewing each figure and founding that by using the
components of Eq. (8), we always get the triangle 〈(n+ k + l + t)〉 from the
triangle 〈t〉. In Figs. 10-18 the triangle 〈(n+ k + l + t)〉 is denoted by 〈t′〉.
〈t′〉
〈t〉
Fig. 10.
〈t′〉
〈t〉
Fig. 11.
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〈t′〉
〈t〉
Fig. 12.
〈t′〉
〈t〉
Fig. 13.
〈t′〉
〈t〉
Fig. 14.
〈t〉
〈t′〉
Fig. 15.
〈t〉
〈t′〉
Fig. 16.
〈t〉
〈t′〉
Fig. 17.
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〈t〉
〈t′〉
Fig. 18.
Eqs. (9)-(11) are equivalent to the subtraction of the additive group G. That
means, if a, b, c are elements of the group G and satisfy the equation a = b+c
then there exists an element (−c) ∈ G fulfilling b = a+ (−c).
It is easy to see that we can not get similar equations from the formula (3).
Remark 2.2. One can show that the case (8) from Theorem 2.1 can be re-
placed by the case (3).
Proof. Indeed, if we replace Eq. (8) by equivalent Eq. (11) then 〈t〉 acts as
〈t′〉 = 〈n+k+ l+ t〉 and 〈l+ t〉 = 〈−n−k+(n+k+ l+ t)〉 acts as 〈n+k+ t〉.
In the case (3) only t′ and n + k + t are positive and in the case (8) only t
and l + t are negative. By changing the sign in all components of the case
(8) we will receive the case (3).
Similarly we can ignore cases (7), (9) and (10), which are equivalent to cases
(4), (2) and (1) respectively. And so we have 6 different cases represented by
6 different figures.
Theorem 2.3. ∀n, k, l, t ∈ Z
If n + k + l = 0, then the triangles 〈t〉 and 〈n + k + l + t〉 from Eq. (8) are
congruent.
Proof. Since n + k + l = 0, so 〈n + k + l + t〉 = 〈t〉. This completes the
proof.
Corollary 2.4. ∀n, k, l ∈ Z
If n+ k+ l = 0, then the relation 〈n+ k+ l+0〉 = 〈0〉 is a translation of the
point 〈0〉 in another point.
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Theorem 2.5. If n 6= n′ ∨ k 6= k′ ∨ l 6= l′,
then 〈n + k + l + t〉 6= 〈(n′ + k′ + l′ + t)〉 in the geometric sense.
Proof. The proof follows from the geometric construction of Eq. (8).
For any r ∈ R, where R is a set of real numbers, we can define only in
formal way the triangle
〈r〉 =
r(r + 1)
2
〈1〉+
r(r − 1)
2
〈−1〉 = (r2, r)
and the set
R2 = {±〈r〉} is a subset of the ring R× R.
Of course, Eq. (8) is also true in the set R2 in the arithmetic and geometric
sense.
Theorem 2.6. For every two triangles ABC and A′B′C ′ with respective
parallel sides there exist numbers n, k, l, t ∈ R such that △ABC = 〈t〉,
△A′B′C ′ = 〈n+ k + l + t〉.
Proof. The proof follows from the geometric construction of Eq. (8).
3 Dissection of triangles into triangles
We will use the set N2 to write solution of the following problem. It is known
[1, 2] that a square can be dissected into at least 21 squares of different sides.
It is also known [3]-[5] that a triangle can be dissected into at least 15 similar
triangles of different sides. At the same, it is considered that the triangles,
one of which is a mirror image of the other are different. In Fig. 19 we have
one of two possible optimum dissection of the triangle.
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〈20〉
〈19〉
〈−11〉
〈11〉
〈−12〉 〈7〉
〈−7〉
〈3〉
〈2〉
〈−2〉
〈9〉
〈−5〉
〈5〉
〈8〉
〈−8〉
Fig. 19.
This dissection can be written by using 7 times Eq. (8).
〈39〉 = 〈19 + 12 + 20− 12〉
= 〈19 + 12 + 0− 12〉+ 〈0 + 12 + 20− 12〉+ 〈19 + 0 + 20− 12〉
−〈19 + 0 + 0− 12〉 − 〈0 + 12 + 0− 12〉 − 〈0 + 0 + 20− 12〉
+〈0 + 0 + 0− 12〉
= 〈19〉+ 〈20〉+ 〈27〉 − 〈7〉\
1
− 〈8〉\
2
+ 〈−12〉, (12)
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where
〈27〉 = 〈11 + 16 + 11− 11〉 = 〈161〉+ 〈11〉+ 〈162〉 − 〈5〉\
3
+ 〈−11〉, (13)
where
〈161〉 = 〈7 + 7 + 9− 7〉 = 〈7〉\
1
+ 〈91〉+ 〈92〉 − 〈2〉\
4
+ 〈−7〉, (14)
where
〈92〉 = 〈2 + 7 + 2− 2〉 = 〈71〉+ 〈2〉\
4
+ 〈72〉 − 〈5〉\
5
+ 〈−2〉, (15)
where
〈72〉 = 〈5 + 5 + 2− 5〉 = 〈5〉\
5
+ 〈21〉+ 〈22〉\
7
− 〈−3〉\
6
+ 〈−5〉, (16)
where
〈162〉 = 〈8 + 8 + 8− 8〉 = 〈81〉+ 〈82〉+ 〈83〉\
2
+ 〈−8〉, (17)
where
〈81〉 = 〈3 + 5 + 3− 3〉 = 〈51〉\
3
+ 〈52〉+ 〈3〉 − 〈2〉\
7
+ 〈−3〉\
6
. (18)
It should be noted that the triangles in order to be reduced have to be of
different signs and lie one on the other. We can see Eqs.(12)-(18) on Fig. 20.
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〈20〉
〈19〉
〈−12〉
−〈8〉
−〈7〉
〈27〉
〈39〉 = 〈19 + 12 + 20− 12〉
〈−11〉
〈11〉
〈16〉
〈16〉
−〈5〉
〈27〉 = 〈11 + 16 + 11− 11〉
〈8〉
〈−8〉
〈8〉
〈8〉
〈16〉 = 〈8 + 8 + 8− 8〉
−〈2〉
〈5〉
〈5〉
〈−3〉
〈3〉
〈8〉 = 〈3 + 5 + 3 − 3〉
〈9〉
〈−7〉
〈9〉
〈7〉
−〈2〉
〈16〉 = 〈7 + 7 + 9 − 7〉
〈7〉
−〈5〉
〈7〉
〈−2〉
〈2〉
〈9〉 = 〈2 + 7 + 2 − 2〉
〈2〉
〈5〉
〈−5〉
−〈−3〉
〈2〉
〈7〉 = 〈5 + 5 + 2− 5〉
Fig. 20.
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Eqs. (12)-(18) are not the only way to write this dissection of the triangle.
Eqs. (19)-(25) and Fig. 21 gives another way to write.
〈39〉 = 〈19 + 19 + 20− 19〉
= 〈19 + 19 + 0− 19〉+ 〈0 + 19 + 20− 19〉+ 〈19 + 0 + 20− 19〉
−〈19 + 0 + 0− 19〉 − 〈0 + 19 + 0− 19〉 − 〈0 + 0 + 20− 19〉
+〈0 + 0 + 0− 19〉
= 〈191〉+ 〈201〉+ 〈202〉\
6
− 〈1〉\
1
+ 〈−19〉, (19)
where
〈−19〉 = 〈−12− 7− 7 + 7〉 = 〈−121〉+ 〈−7〉+ 〈−122〉 − 〈−5〉\
2
+ 〈7〉, (20)
where
〈−121〉 = 〈−5− 7− 5 + 5〉 = 〈−71〉\
7
+ 〈−72〉+ 〈−5〉\
2
− 〈−2〉\
3
+ 〈5〉, (21)
where
〈−72〉 = 〈−5 − 2− 2 + 2〉 = 〈−51〉+ 〈−2〉+ 〈−52〉 − 〈−3〉\
4
+ 〈2〉, (22)
where
〈−51〉 = 〈−3 − 2− 3 + 3〉 = 〈−21〉\
3
+ 〈−22〉+ 〈−3〉\
4
− 〈1〉\
5
+ 〈3〉, (23)
where
〈−22〉 = 〈−11 + 9− 11 + 11〉 = 〈91〉+ 〈92〉+ 〈−11〉 − 〈20〉\
6
+ 〈11〉, (24)
where
〈91〉 = 〈8 + 1 + 8− 8〉 = 〈11〉\
5
+ 〈12〉\
1
+ 〈8〉 − 〈−7〉\
7
+ 〈−8〉. (25)
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〈20〉
〈−19〉
〈19〉
〈1〉
〈20〉
〈39〉 = 〈19 + 19 + 20− 19〉
〈−12〉
〈−12〉
−〈−5〉
〈7〉
〈−7〉
〈−19〉 = 〈−12 − 7− 7 + 7〉
〈5〉
〈−7〉〈−5〉
〈−7〉
−〈−2〉
〈−12〉 = 〈−5− 7− 5 + 5〉
〈−5〉
〈−5〉
−〈−3〉
〈2〉
〈−2〉
〈−7〉 = 〈−5− 2− 2 + 2〉
〈−3〉
〈3〉
〈−2〉
〈−2〉
−〈1〉
〈−
5
〉
=
〈−
3
−
2
−
3
+
3
〉
〈9〉
〈9〉
〈−11〉
〈11〉
〈−2〉
〈−2〉 = 〈−11 + 9− 11 + 11〉
−〈−7〉
〈−8〉
〈8〉
〈1〉
〈1〉
〈9〉 = 〈8 + 1 + 8− 8〉
Fig. 21.
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4 Extension of the set N2
We can see that the relation (7) holds for i = 0 too. So we can consider the
triangles as the elements of the set N20 = {±(n
2, n, 1) = ±〈n〉0;n ∈ Z} which
is a subset of the ring Z× Z× Z with an addition and a multiplication by
components.
We have 〈0〉0 = (0, 0, 1) and −〈0〉0 = (0, 0,−1).
In this section we will write 〈n〉 instead of 〈n〉0.
Definition 4.1. The equation 〈n〉 =
∑
j αj〈nj〉, where αj ∈ {−1, 1} is true
in the arithmetic sense if the equations ni =
∑
j αjn
i
j, where αj ∈ {−1, 1},
i = 0, 1, 2 hold.
It is easy to check that Eq. (8) is true in the arithmetic sense. In order to
use Definition 1.1 for elements of the set N20, first we must give a geometrical
interpretation of these elements.
The set N20 give the possibility of a more precision geometric interpretation
of its elements than the the set N2. Let us denote the fixed triangle
b b
b
with sides and vertexes by 〈1〉.
The interior of this triangle should be black but we wanted to mark that
sides and vertexes belong to this triangle, so we colored it in gray. The
black triangle congruent to 〈1〉 with vertexes and n times longer sides we will
denote by 〈n〉 (Fig. 22). The point b in the plane we will denote by 〈0〉.
Fig. 22.
The closed red triangle we will denote by −〈n〉.
If we put the black triangle 〈n〉 on the red one −〈n〉 or vice versa we will get
the empty set which we will note by (0, 0, 0). We will mark it in green.
From the condition
〈−1〉 = 〈−1− 1− 1 + 2〉 = 3〈0〉 − 3〈1〉+ 〈2〉
19
we can get the way of building of the triangle 〈−1〉. Fig. 23 shows each step
of a construction of 〈−1〉. The triangle 〈−1〉 is the opened triangle.
〈2〉
b
b b
〈2〉 − 3〈1〉
b
b
b
〈2〉 − 3〈1〉+ 3〈0〉 = 〈−1〉
Fig. 23.
Similarly, from the relation
〈−n〉 = 〈−n− n− n + 2n〉 = 3〈0〉 − 3〈n〉+ 〈2n〉
we can see that for each n > 0 the triangle 〈−n〉 is the opened triangle.
Now we can apply Definition 1.1 for the elements from the set N20 and give
the equivalent of Theorem 2.1 for this set.
Theorem 4.2. ∀n, k, l, t ∈ Z Equation (8) is true in the geometric sense.
Proof. According to Remark 2.2 is sufficient to consider the first 6 cases of
Theorem 2.1.
(1) t > 0, (Fig. 24)
In next cases t < 0.
(2) n+ t > 0, k + t > 0, l + t > 0, (Fig. 25).
(3) n+ t > 0, k + t > 0, l + t < 0, (Fig. 26).
(4) n+ t > 0, k + t < 0, l + t < 0, k + l + t > 0, (Fig. 27).
(5) n+ t > 0, k + l + t < 0, (Fig. 28).
(6) n+ t < 0, k+ t < 0, l+ t < 0, n+ k + t > 0, k+ l+ t > 0, n+ l+ t > 0,
(Fig. 29).
The proof is based on reviewing each figure and founding that by using
the components of Eq. (8), we always get the triangle 〈(n + k + l + t)〉
from the triangle 〈t〉. In Figs. 24-29 the first (black) component is the sum
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〈n+ k+ t〉+ 〈n+ l+ t〉+ 〈k+ l+ t〉, the second (red) components is the sum
−〈n+ t〉 − 〈k+ t〉 − 〈l+ t〉, the third components is 〈t〉 and the right side of
the equation is the triangle 〈(n+ k + l + t)〉. Numbers 2 or 3 staying on the
triangles mean an overlapping two or three triangles.
3
2 2
2
+ 3 + =
Fig. 24.
2 2
2
+ + =
Fig. 25.
2 2
+ + =
Fig. 26.
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2+ + =
Fig. 27.
2
+
2
+ =
Fig. 28.
+ + =
Fig. 29.
It is easy to check (just count the triangles 〈1〉, 〈−1〉 and points 〈0〉 in 〈n〉)
that the following equation is true in the geometric sense
∀n ∈ Z 〈n〉 =
n(n+ 1)
2
〈1〉 − 2
(n− 1)(n+ 1)
2
〈0〉+
n(n− 1)
2
〈−1〉. (26)
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In Fig. 30 we can see a geometric interpretation of Eq. (26) for n = 3,
〈3〉 = 6〈1〉 − 8〈0〉+ 3〈−1〉.
b
b
b
b
bbb
2 2
2 2
2 2
3
6〈1〉+ 3〈−1〉 6〈1〉+ 3〈−1〉 − 8〈0〉 = 〈3〉
Fig. 30.
Numbers 2 and 3 staying near yellow points mean an overlapping two or
three points and necessity of taking away one 〈0〉 or two 〈0〉 in these points.
The identity (26) is a special case of the following equation true in the
arithmetic sense
∀a, k, n, t ∈ Z
〈na+ t〉 =
(n− k)
(
n− (k − 1)
)
2
〈(k + 1)a+ t〉
−2
(
n− (k + 1)
)(
n− (k − 1)
)
2
〈ka + t〉
+
(n− k)
(
n− (k + 1)
)
2
〈(k − 1)a+ t〉. (27)
The question remains open whether it is true in the geometric sense.
From (27) for k = 1 we will get
〈na+ t〉 =
(n− 1)n
2
〈2a+ t〉 − 2
(n− 2)n
2
〈a+ t〉 +
(n− 2)(n− 1)
2
〈t〉. (28)
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The triangle 〈na+ t〉 from (28) can be presented in another form
〈na + t〉 =
n(n + 1)
2
〈a+ t〉+
(n− 1)n
2
(
〈2a+ t〉 − 3〈a+ t〉
)
+
(n− 2)(n− 1)
2
(
〈3a+ t〉 − 3〈2a+ t〉+ 3〈a+ t〉
)
=
n(n + 1)
2
〈a+ t〉+
(n− 1)n
2
(
〈2a+ t〉 − 3〈a+ t〉
)
+
(n− 2)(n− 1)
2
〈t〉. (29)
The expression
〈ba,t〉 = 〈2a+ t〉−3〈a+ t〉 = 〈−a+ t〉−3〈a+ t〉 = (a
2−2at−2t2,−a−2t,−2)
not belongs to N20 but it is useful for the demonstration of the geometric
interpretation of the triangles.
From (29) for a = 1, t = 0 we have an another version of Eq. (26).
〈n〉 =
n(n+ 1)
2
〈1〉+
(n− 1)n
2
(
〈2〉 − 3〈1〉
)
+
(n− 2)(n− 1)
2
〈0〉. (30)
The second triangle from Fig. 23 is the geometric interpretation of
〈b1,0〉 = 〈2〉 − 3〈1〉 = 〈−1〉 − 3〈0〉 = (1,−1,−2).
If we count the numbers of 〈1〉, 〈b1,0〉, and 〈0〉 in 〈n〉 we will find that Eq. (30)
is true in the arithmetic sense.
From (28) and (29) for a = 3, t = −1 we have
〈3n− 1〉 =
n(n− 1)
2
〈5〉 − 2
(n− 2)n
2
〈2〉+
(n− 2)(n− 1)
2
〈−1〉
=
n(n+ 1)
2
〈2〉+
(n− 1)n
2
〈b3,−1〉+
(n− 2)(n− 1)
2
〈−1〉, (31)
where 〈b3,−1〉 = 〈5〉−3〈2〉 = (13,−1,−2). In Fig. 31 we can see a geometric
interpretation of Eq. (31) for n = 3.
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〈b3,−1〉
〈2〉
〈−1〉
Fig. 31. 〈8〉 = 6〈2〉+ 3〈b3,−1〉+ 1〈−1〉
For a = 2, t = 1 we have
〈2n+ 1〉 =
n(n− 1)
2
〈5〉 − 2
(n− 2)n
2
〈3〉+
(n− 2)(n− 1)
2
〈1〉
=
n(n + 1)
2
〈3〉+
(n− 1)n
2
〈b2,1〉+
(n− 2)(n− 1)
2
〈1〉, (32)
where 〈b2,1〉 = 〈5〉 − 3〈3〉 = 〈−1〉 − 3〈1〉 = (−2,−4,−2) (Fig. 32).
b b
b
Fig. 32.
In Fig. 33 we can see a geometric interpretation of Eq. (32) for n = 3.
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32 2
2 2
2 2
+ 3 + =
Fig. 33. 〈7〉 = 6〈3〉 + 3〈b2,1〉 + 1〈1〉. Numbers in the triangles represent
multiples of these triangles.
In Fig. 34 we have a geometric interpretation of Eq. (32) for n = −2.
+
2
2 2
+ =
Fig. 34. 〈−3〉 = 〈3〉 + 3〈b2,1〉 + 6〈1〉. Numbers in the triangles represent
multiples of these triangles.
Last examples show the possibilities of description more complex divisions
of the triangle.
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